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The pressure-saturation transient history for a hydro-
carbon reservoir is solved for solution-gas, gas-cap and 
injected-gas drives assuming the saturation-pressure 
variations depicted by Muskat, under specific restrictive 
assumptions. A prototype reservoir system and its tran-
sient pressure saturation distribution under production 
is systemized on an IBM 360-Model 40 Computer which allows 
the definition df the transient behavior of saturation 
with pressure declination and fluid withdrawal for pre-
assigned initial saturations of the oil, water and gas 
phases. This analysis is then modified for the existence 
of a gas-cap and for the re-injection of produced gas · 
volumes for pressure maintenance considerations and the 
ensuing effects such maintenance would have on saturation 
and pressure distributions. 
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I. INTRODUCTION 
Except in hydrocarbon reservoirs where the oil is 
highly undersaturated and/or water intrusion has been signi-
ficant, the early production periods of almost all oil reser-
voirs are controlled by a gas-drive mechanism of varying 
intensities. Hence, a study of the performances of gas-
drive mechanisms and their subsequent effects on the tran-
sient reductions of hydrocarbon saturations in place is in 
order for the most fundamental considerations of the physical 
factors governing the economic production of multiphase 
petroleum reservoirs. 
The transient behavior of oil saturations with pressure 
within a gas-drive reservoir has been set forth by Muskat 1 
under specific limiting assumptions, which rnodify the uni-
versal applicability of the approach, but permit an approxi-
mation of the gas-drive system as found in practice. This 
differential description of oil saturation with pressure 
transition provides the economist and engineer with an 
insight into the anticipated gross surface recoveries which 
should be indicati"e of future withdrawals of the system 
under considerat.ion, under the specific pressure decline, 
reservoir characteristics and parameter variances imposed 
on that system. 
2 
The transient saturation history for gas-drive reser-
voirs has been examined in relation to the step-by-step 
regression of in-situ oil saturation for preassigned pressure 
decrements and initial saturation values of oil, gas, and 
water phases. The system has been synthesized into a two-
dimensional mathematical prototype on a high-speed digital 
computer which provides for the examination and/6r computa-
tion of the following: 
1. The deciremental pressure and its . corresponding 
residual oil in place. 
2. The slope of the curve connecting the residual 
oil saturation with pressure, at various pressures, 
to reflect the rate of change of saturation with 
pressure. 
3. The gas-oil permeabllity ratios as a funct.ion of 
transient pressure and saturation. 
4. The gas-oil ratio as a function of the decremental 
pressure. 
5. The economic rates of oil saturation depletion 
with pressure decline for specific economic re-
strictions. 
6. Gas injection considerations and volumes thereof 
when production rates fall below a specified 
3 
economic minimum values 
7. Values of residual oil saturation when the recom-
mended volumes of gas are injected. 
T~e approach taken has been an iteration of the differ-
ential variations of oil saturation with pressure. These 
iterations have been subsequently solved through a combina-
tion of Runge-Kutta and Adam's Predictor-Corrector techniques. 
This step-by-step iteration has the advantage of allowing 
the engineer to ·select quite small and discrete segments 
of pressure decrements which can then be recursively iterated 
with minimal error. 
4 
II. LITERATURE REVIEW 
2 In 1944, Babson presented a technique for predicting 
the performance of a depletion-drive reservoir. This tech-
nique consisted of assuming increments of oil production 
and several gas-oil ratios corresponding to each assumed 
value of production. Using a material balance and an in-
stantaneous gas-oil ratio formula, field pressures and 
average gas-oil ratios are then evaluated by trial and 
error. The trial and error result corresponding to the 
original oil production assumption can then be taken as 
the production volume for that pressure decrement. Recur-
sive trial and error applications on succeeding pressure 
decrements yield the predicted oil saturation variations 
correspondingly. 
) Tarner , in the same year, presented a comparatively 
more direct method for the prediction of the performance 
of a depletion-drive reservoir also based on an iterative 
scheme. His technique consisted of calculating the incre-
mental gas-production yielded by three assumed values of oil 
production corresponding to an assumed pressure decrement 
by (1) a material balance resolution and (2) a gas-oil-
ratio equation. Tarner's method utilizes the following 
procedure: 
5 
1. A field pressure is assumed. 
2. Three judicious assumptions of production in stock-
tank volumes are made to correspond to the assumed 
pressure. 
3. Incremental gas productions are calculated for 
each of the three increments of production by 
means of a material balance resolution. 
4. The incremental gas produced for the three assumed 
productions are evaluated by an instantaneous gas-
oil ratio equation. 
5. The gas production values from step (3) and step 
(4) are plotted separately as functions of the 
oil production. 
6. The point of intersection of the two gas production 
predictions represent the true production corres-
ponding to the original assumed pressure decrement. 
7. The process is repeated for the next pressure decre-
ment. 
Though Tarner's method is an improvement on Babson's 
method it involves at least six sets of calculations and the 
subsequent dual plotting of the results. 
6 
A somewhat different method of predicting the reservoir 
4 performance was presented by Schilthuis • His method con-
sists of assuming a fractional increment of oil production 
which corresponds to an assumed pressure decrement and, using 
a revised form of a general material balance solved in combi-
nation with the instaritaneous gas-oil ratio, reservoir oil 
saturations and fluid volume factors are iteratively deter-
mined. Successive application of this method to abandonment 
pressure provides a history of the predicted oil production 
as a function of pressure. Schilthuis' method requires calcu-
lation of 21 columns of figures by trial and error. 
Muskat 1 has expressed the performance of a depletion-
drive reservoir in the form of a differential equation 
describing the change of oil saturation with pressure. 
Provisions have been made in the equation which permit con-
siderations for the presence of a gas-cap and for the possible 
pressure maintenance operations by gas injection. 
A rigorous mathematical solution of this differential 
equation can be approximated to by numerical methods. 
This approach involves no trial and error calculations. 
The disadvantages of this method were, until the intro-
duction of computers, the extensive calculations using solu-
7 
tions to partial differential equations which required a large 
consumption of time. But with the use of the high-speed 
digital computers, this disadvantage has for the most part 
been overcome. The following solutions for Muskat's differ-
ential oil saturation variation with pressure were effected 
using an IBM 360-Model 40 computer. The classical numerical 
techniques of Runge-Kutta and Adam's (Predictor-Corrector) 




Let us consider a radial segment of a porous reservoir 






P - constant ~ Pi ; S ~ constant ~ S at t ~ 0 
oi 
d(P) = d(S) 
dr dr ~ 0 at r = r . e' p = p w at r = r w (1) 
where pi is initial pressure, soi is initial oil saturat.ion 
as a fraction of pore space," t is time, r is the radius of 
e 
the bounding periphery of the radial segment and r is the 
w 
well radius. 
The following conditions will be imposed on this radial 
segment: 
1. The segment is assumed to be completely uniform 
in its formation characteristics and its fluid 
distributions. 
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2. The fluid withdrawals are assumed not to create 
concentrated foci of pressure gradients. Each 
production focus will establish a pressure gradient 
immediate to its center; but in our consideration 
each pressure or production step will be assumed 
to create an average pressure reduction throughout 
the radial segment as a whole wit.hout the establish-
ment of localized pressure variations. 
3. It is assumed that the production evolves in its 
entirety from solution-gas, gas-cap or injected 
gas drive or any combination thereof, depending on 
the system then under consideration. 
4. Gravity gradients are assumed to be essentially 
zero. 
5. Water saturation is assumed to be constant and 
interstitial. 
6. The transitions of pressure and saturation functions 
from point to point are assumed to be straight line 
relationships and ~re representative of their respec-
tive finite intervals. 
A. GAS-DRIVE RESERVOIR WITHOUT GAS-CAP OR GAS INJECTION 
The basic equations of motion describing the flow of 
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where the subscripts o, g, w refer to oil, gas and water 
phases respectively; R is the st.andard volumes of gas in 
s 
solution; k, the fluid permeability; B, the formation 
volume factor; 11, the viscosity~, the relative density of 
the gas in the reservoir with respect to the density of 
gas at atmospheric conditions;¢, the porosity and S, the 
phase saturation; x, y, . and z represent the spatial coori-
nates. 
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Applying the assumptions regarding the uniformity in 
the formation, equations (2), (3) and . (4) can be expressed 
physically as 
Qg == -V> ~ [RsSo + 
c)t B
0 
Qo =~- -~ ~ [::] 





where the negative sign indicates the decreasing effect 
of production on the residual volumes of that fluid. 




Equations (8) and (9) can also be expressed as 
















g - w 
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(11) 
R = ~~s) ~~p~ = 0 




d,..(P) 0 0 = BlJ g g 
k 
'f' ( S) = ..:..& k 
0 














Equating (8) and (11) for the same pressure variation 
steps yields 
which describes the physical transitions of the fluid 
saturations with pressure decrements. Solution of this 
differential equation should provide the saturation varia-
tions within the reservoir segment due to >a gas-drive pro-
duction mechanism under the restrictions and assumptions 
imposed. 
B. GAS-DRIVE RESERVOIR WITH GAS-CAP 
Let: H be the ratio of gas-cap thickness to that 




i the stock-tank equivalent of oil in the 
gas-cap per unit volume of gas-cap. 
13 
The gas production during a finite time interval from 
a unit volume of the formation, comprising the gas-cap and 
the oil zone in the ratio of their thicknesses will be 
Qg =- 1! H .~ [Rs ~oi::Y(1 - Sw- BoSoi~-
(14) 
in standard volumes. 
Similarly, the oil production will be 
Qo = - 1 ! H ~ [ ::] (15) 
in stock-tank volumes, assuming that oil production from 
the gas-cap is zero. The negative sign indicates that '~' 
is decremental. 
The ratio of equation (14) to equation (15) gives the 
gas-oil ratio. The gas-oil ratio was also given by equation 
(10). So,equating the ratio of (14) and (15) to equation 
(10), we have 
14 
(16) 
Expanding and rearranging equation (16), we obtain 
"[Bs \ L: - - J o oil\+ ~ (1 - S - B S i) - S id B w 0 0 0 0 
. dp 
which is the basic equation describing a depletion-drive 
reservoir with gas-cap. 
C. GAS-DRIVE RESERVOIR WITH GAS-CAP AND GAS INJECTION 
Let r be a fraction of the produced gas which will be 
reinjected into the formation at any instant. Hence the 
effective produced gas-oil ratio is given by 
~ = (R
5 
+d-_(P)'J' (s)) (1-r) Qo 
Equating equations (17) and (16) and rearranging we 
obtain the differential equation 
d 5 o [so~+ (1 - s - So) E ·· +so 1 <t- rRT) + H {_BoSoiA + w d p = d-






Equation -(18) describes the differential equation which 
expresses the variation of in-place oil saturation with pres-
sure with gas injection and the presence of a gas-cap. 
16 
IV. DISCUSSION 
The performance of depletion-drive reservoir in the 
presence of a gas-cap and under gas injection has been de-
scribed by equation (18). 
The equations in (19) are functions of dependent 
variables; that is, they are indirect functions of inde-
pendent variables, namel~ pressure. 
Thus, the basic independent variable established for 
this investigation is pressure. The first step of the 
analysis is an evaluation of the functions of pressure 
)\ (P), E: (P) and'fl (P) and store the resulting planer 
equations for subsequent use. Using the oil and gas viscos-
tties at various pressures, the viscosity ratios at various 
pressures are evaluated. With the knowledge of reservoir 
temperature and pressure, the relative density of gas at 
various pressures are calculated. 
The equations in (19) also involve the differentials 
of various pressure functions with respect to pressure. 
To evaluate the slopes of these functions at various 
pressures, an assumption of linearity between adjacent 
pressures is made. This approach was chosen in preference 
17 
to a least-square fit on the data since the assumption of 
linearity can be made to approximate the actual values at 
very discrete subdivisions. The accuracy of the approach 
is improved by increasing the number of subdivisions. The 





Yn+l - Yn 
xn+l - xn 
Subsequent to calculating these functions, the residual 
oil saturation corresponding to the first four pressure 
steps are found using a fourth order approximation by Runge-
Kutta Method.** An alternative method considered was Taylor's 
Series. Taylor's Series, however, involves higher order 
derivatives of oil saturation as a function of pressure 
which can be avoided only at the cost of high truncation 
error. And the evaluation of the second and higher order 
derivatives becomes extremely unwieldy. Hence, the Runge-
Kutta Method was preferred. The terms K
0
, K1 , K2 and K3 
in Runge-Kutta Method have been evaluated using linear 
interpolation techniques within each subdivision. 
Using the four starting values thus obtained from 
Runge-Kutta Method, the Adams-Bashforth technique** has 
**See Appendix. 
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been applied to determine the predicted values of oil satura-
tion corresponding to the subsequent pressure step. This 
predicted value of saturation is then substituted in Adams-
Moulton formula** to yield the corrected value of oil satura-
tion. The corrected value so obtained is again calculated 
by the Adams-Moulton formula until this iteration provides 
two consecutive corrected values of oil saturation that 
agree within a specified tolerance of 0.00001. 
At each sacuration point, the corresponding rate of 
change of oil-in-place with pressure, d(So/Bo), is determined. 
dP 
Depending on the prevalent economic conditions, an economic 
minimum of d(So/Bo) can also be evaluated and the calculated 
dP 
values of d(S /B ) at every pressure step are compared with 
0 0 
this estimateSPeconomic limit. When the calculated value 
falls below the stipulated economic minimum, the program 
recommends the injection of gas, the pressure at which this 
gas injection should be initiated, and the quantity of gas 
that should be injected, (r), to re-pressure the system 
above the economic limiting value. 
A. CALCULATION OF THE ECONOMIC LIMIT OF PRODUCTION DECLINE 
RATE: 




E = the expenditure per stock-tank barrel of 
oil production. 
M = assumed constant overhead expenditure per day. 
n = number of stock-tank barrels of oil produced 
per day. 
The economic limit is assumed to occur when the gross 
income equals the gross expenditures; that is, when 
E x n + M = I x n. 
The production to balance at this limit is found as 
= 
M (20) n I - E 
With _the knowledge of I, E, and ·:M, n can be calculated. 
The production rate, Q, in barrels per day is given for 
a radial reservoir by ~: · 
k Q = n = 7. 07 )J h (P - p ) e w 
ln (r /r ) 
e w 
where: 
k is fluid permeability; darcys. ' 
U is fluid viscosity; centipoise. 
h is the oil zone net thickness; feet. 
P is the reservoir shut-in pressure; psia. 
e 
P is the bottom-hole flow pressure; psia. 
w 
(21) 
r is the drainage radius; feet. 
e 
r is the well bore radius; feet. 
w 
The minimum value of P can be determined based on 
w 
20 
whether it is a flowing well or pumping well and the depth 
of the producing horizon. For example, for a flowing well 
h feet deep, the maximized value of minimum P will be 
w 
P = 0.433 h (psia). (22) 
w 
For the value of P and Q so calculated the value of 
w 
Pe can be calculated as PL. This pressure will be the 
limiting reservoir pressure at which the production will 
be terminated. The period of time within which this limit-
ing pressure should be reached can be determined on the basis 
of the local proration regulation and the lease period. If 
on this basis it is determined that the production should 
be completed in T yeara,. then the rate of pressure depletion 




Pi is the original reservoir pressure; psia. 
Dividing equation (20) by equation (23) will yield 
the economic limit: 
(23) 
21 
d(S /B ) 
0 0 
M T (365) 
(24) 
dP 
which furnishes the limiting value of rate of oil-in-place 
depletion with pressure. 
The procedure is . then to calculate the oil saturation 
values following the prescribed gas injection. 
B. THE INPUT DATA REQUIRED ARE: 
DATA 
1. Connate water saturati-on (S ) 
w 
2. Number of points picked from 
pressure function curves (N) 
3. Stock-tank equivalent of oil 
in gas-cap per unit volume 
of pore space 
4. Gas-cap thickness as a fraction 
of oil zone thickness (H) 
5. Reservoir Temperature (T ) 
r 
6. The fraction of produced gas 
injected back (r) 
7. The pressure and the corres-
ponding pressure functions 
(Ranging from original reser-








In reasonable steps 
22 
a. Gas Deviation Facto~ (z) Surface Determination 




c. Oil Viscosity (A.J ) 
0 
Surface Determination 
d. Gas Viscosity ()Jg) Surface · Determination 
Gas Solubility in oil (R ) 
s 
e. Surface Determination 
8. The oil satura.tions and the 
corresponding gas-oil perme-
abilitY. ratios 
(S and k /k ) 
0 g 0 
C. PROGRAM DISCUSSION: 
STATEMENT NO. 
16 + 00 
2 + 00 
42 + 00 
Core Analysis 
EXECUTION 
Evaluates the g~s-oil viscosi-
ties. 
Evaluates the slope of gas 
solubility variation with 
pressure. 
Evaluates the slope of oil 
saturation variation as a 
function of pressure corres-
ponding to K
0
, K1 , K2 and K3 
of Runge-Kutta's 4th ·· order · te.ch-
nique. 
13 + 00 
20 + 00 
3 + 00 
95 + 00 
36 + 00 
51 + 00 
49 + 00 
23 
Evaluates the saturation 
corresponding to the assumed 
pressures for the first four 
starting values. 
Evaluates gas-oil permeability 
ratio corresponding to the first 
four assumed pressures. 
Evaluates rate of change of 
oil saturation with pressure 
at the first four assumed 
pressures. 
'Predicts' oil saturation for 
fifth pressure step onwards 
using Adams-Bashford formula. 
Calculates gas-oil permeability 
ratio corresponding to the 
saturations other than the 
first four va1ues. 
Increases the value of the 
injected gas as a fraction of 
produced gas. 
Calculates the produced gas-
oil ratio at pressure steps 
other than the first four. 
24 
The description of the nomenclature used in the 
program is as follows: 
INPUT 







Connate Water Saturation 
Number of Pressure Steps 
Stock-tank equivalent of 
oil saturation in unit 
volume of pore space 
B·. Second data · card: 
HT The ratio .of gas-cap thickness 
to oil-zone thickness 
SPACING 
(0 - 14) 
(15 - 20) 
(20 - 33) 
(0 - 14) 
TP. Temperature in the Reservoir (15 - 28) 
GF Fraction of produced gas in-
jected (29 - 42) 
c. The next ~N' cards contain on each card: 
p Reservoir Pressure (0 - 18) 
z Gas Deviation Factor (19 - 36) 
BO Oil Formation Volume Factor (37 
-
54) 
D. The next 'N' cards contain on each card: 




Gas Solubility in oif 
25 
(19 - 36) 
(37 - 54) 





Gas-oil permeability ratio 
(0 - 14) 
(15 - 28) 
The output c·olumns that are printed out are captioned 




The following reservoir was examined for the correct-
ness and accuracy of the program and its iteration procedure • 
Porosity. • • • • • • • • • • · •• 24% 
Permea~ility •••• 0.5 darcy to air (dry) 
























relation at S of 20% 
w 






















p B R z 
,.uo )lg 0 s 
2000 1.237 1.35 
1500 1.241 87.4 · 0.708 1.21 0.0160 
1400 1.229 82.8 0.717 1.23 0.0158 
1300 1.217 78.4 0.730 1.25 0.0154 
1200 1.205 74.1 0.740 1.27 0.0150 
1100 1.192 69.7 0.752 1.30 0.0147 
1000 1.180 65.6 o. 768 1.33 0.0144 
900 1.168 60.8 0.786 1.37 0.0139 
800 1.155 55.1 0.807 1.43 0.0134 
700 1.143 50.5 0.828 1.51 0.0130 
600 1.131 45.6 0.850 1. 62 0.0125 
500 1.118 40.2 0.872 • 1.77 0 .. 0120 
400 1.106 34.9 0.898 1.97 0.0115 
300 1.093 29.0 0.922 2.27 0 .. 0110 
200 1.077 22.4 0.948 2.70 0.0105 
100 1.056 14.7 0.975 3.37 0.0100 
14.7 1.000 o.o 1.000 . 4.40 0.0095 
CHART POR THE PROGRAM 28 
INPUT 
Rw, N, GCRO, HT, TP, 
GF, P, Z, BO, VO, VG, 
SO, RO, GOF. 
H = p2 - P1 
NP = N - 1 
COMPUTE 
RD, VR 
= 1, NP, · 1 
OOMPUTE 
SRD, SFVP, SOS. 
+ 
17 
M - 1 




= 1, 5, 1 
COMPUTE 





RO (I+ 1) 





















P, RO, ROP, GOP, R 




J = 1 ' 40, 1 
COMPUTE 
S = ROD (J) 





ROP (M) = B 














GF = GF + O.Q5 
COMPUTE 
R 


























GO J R GHOLE A 
LIST 
C C***29391PTX003 GHOLE J R 
c 





















RO = OIL SATURATION 
P = PRESSURE I 
ROP = DIFFERENTIAl OF OIL SATURATION WITH RESPECT TO PRESSURE 
RO = RELATIVE DENSITY 
80 = OIL FORMATION VOLUME FACTOR 
SO= GAS SOLUBILITY 
VO = OIL VISCOSITY 
VG = GAS VISCOSITY 
VR = VISCOSITY RATIO 
TP = TEMPERATURE IN THE RESERVOIR 
GOF = GAS-OIL PERMEABILITY RATIO (INPUT) 
GOP = GAS-OIL PERMEABILITY RATIO (OUTPUT) 
RW = WATER SATURATION (CONNATE) 
SRD = SLOPE OF RELATIVE DENSITY CURVE 
SFYF = SLOPE Of FORMATION VOLUME FACTOR CURVE 
SOS = SLOPE OF GAS SOLUBILITY CURVE 
GCRO = STOCK EQUIVALENT OF OIL IN UNIT VOLUME OF PORE SPACE 
R = GAS-OIL RATIO AT VARIOUS PRESSURE STEPS 
GF = FRACTION OF PRODUCED GAS, UNJECTED 
DIMENSION P(50),B0(50),VR(50) ,R0(50),G0F(50),S0(50),RD(50) 




READ ( 1 , 100 ) ( P ( I ) , Z ( I ) , BO ( I ) , I= 1, N) 
READ (1,102)(VO(I),VG(I),SQ(l),l=l,Nl 





















































































S=RO (I+ 1) 
GO TO 19 
4 S=ROCIJ+ROF(MJ/2. 
DO 10 IJ=l,N 
IF(S-RO(lJ))l0,11,11 
11 K=I J-1 
GO TO 12 
10 CONTINUE 







GO TO 15 
13 S=RO( l)+ROF(M) 
19 00 30 L=l,N 
IF(S-RO(L))30,21,2l 
21 K=L-1 




S.0067 30 CONTINUE 
S.0068 20 G=((S-RO(K))/(RO(K+l)-RO(K)))*fGOF(K+l)-GOF(KJ)+GOF(K) 






S.0075 15 CONTINUE 
S.0076 3 ROP(l+1l=ROFf5)/H 
S.0077 R=SO(I)+RDfi)*BO(Il*VRCil*GOP 
S.0078 1 WRITE(3,200lPfiJ,RQ(I),ROPIIl,GOP,R 
S.0079 DO 40 M=S,N 
S.0080 95 D=RO(M-1)+H*C55.*ROP(M-1J-59.*ROPCM-2)+37.*ROP(M-3))/24. 
S.0081 ROOC1J=D-H*(9.*ROPCM-4))/24. 
s.ooaz Do so J=t,so 
S.0083 S=ROD(J) 
S.0084 DO 35 L=1,NP 
S.0085 IFCS-RO(l))35,34,34 
5.0086 34 K=l-1 
S.0087 GO TO 36 
S.0088 35 CONTINUE 















5.0104 45 RO(M):ROO(J) 
5.0105 IF(ROP(M)-O.OOOOR)5lr49,49 
5.0106 51 GF=GF+0.05 
S. 0101 ~R I IE ( 3, 210) P ( M) , GF 
~ 5.0108 GO TO 95 
5.0109 50 CONTINUE 





S.Olll 40 WRITE (3,200)P{M) ,RO(M),ROP{M),GOP,R 
S.Oll2 76 FORMAT(//////'1') 
S • 0 113 2 1 0 F 0 R MAT ( I 2 X 2 6 H GAS IN J E C T I 0 N CHANGE AT P = F 8 • 1 _t1> HJ_Q_Gf_.=_f 4 _,._ 2 {1 _ _ _ 
5.0114 120 FORMATfF14.7,15,F14.7) 
S.Oll5 130 FORMATC3F14.7) 
S.Oll6 100 FORMAT(3E18.8) 
S.Oll7 102 FORMAT(3El8.8) 
$.0118 101 FORMAT(2Fl4.5) 
S.Oll9 200 FORMAT(5Fl8.8) 
S.0120 300 FORMAT(llXlHP,l9X2HRO,l6X3HROP,l5X3HGOP,l4XlHR) 
5.0121 CALL EXIT 
5.0122 END 




~~~~-P~~~~~~~~~R~O~~~~~~~~- ------~Qp _ _____ ___ _ _ R 36 
1500.00000000 0.79999995 0.00018140 o.o 87.39999390 
1450.00000000 0.79059094 0.00019525 0.00100000 97.79417419 
1400.0 0000 00__::::__0 ____ 0;::;......:.~7~7-=6--=-4....._1 .-..:::1 O.._,O:.....__ _ ____.z.O-=---'. 00_02Jl41_1 _ _  .. ______ 0. 005 00 000_ __ . 142,0 39 33 716 
1350.00000000 0.76669669 0.00016012 0.01000000 196,96777344 
1300.00000000 0.75949907 0.00018197 0.00798463 . 167.92575073 
12 so. oooooooo o. 7495716 8 o. ooozo269 o . _O.l0.1.L13.L ___ 1.88. 98056030 
1200.00000000 0.73963404 0.00018504 0.01454299 ' 227.45425415 
1150.00000000 0.73098320 0.00016316 0.02537732 328.73730469 
1100.00000000 o. 72323042 0.000149~3 _ _____ j)_.0317_7567 . --- 381.99438477 
1050.00000000 0.71642613 0.00011761 • 0.06196896 652.29541016 
1000.00000000 0.71081561 0.00011574 0.10039663 973.67553711 
950.00000000 0.70546204 0.00009001 ___ __()_._1_7_<1.99160 _____ .. 1640.244 38477 
. 900.00000000 0.70076865 0.00011129 ·0.15090567 1328.64770508 
850.00000000 0.69506556 0.00010660 0.18070942 1517.71630859 
soo.oooooooo o.69007975 o.oooo9254 ___ o~ __ Z02_l4531 1630.95312500 
' 750.00000000 0.68559945 0.00009043 0.28174150 2162.28759766 
700.00000000 0.68099838 0.00009410 0.35247898 2572.08642578 
GAS INJECTION CHANGE AT P= 650.0TO GF=0.05 
GAS INJECTION CHANGE AT P= 650.0TO GF=O.lO 
GAS INJECT ION CHANGE AT P= 650.0TO GF=O,l5 
GAS INJECTION CHANGE AT P= 650.0TO GF=O.ZO 
GAS INJECT ION CHANGE AT P= 650.0TO GF=0.25 
• GAS INJECTION CHANGE AT P= 650,0TO GF=0.30 
GAS INJECTION CHANGE AT P= 650. OTO GF=0.35 
GAS INJECTION CHANGE AT P= 650.0TO GF=0,40 
65Q.QOOOOOOO 0!67649776 ~--~o=...;:o.6_QO_O_l7_96 ______ 41_73._40234375 ______ __ _ ____ - -· -OtQOOQ8l36 
600.00000000 0.67215759 0,00010179 0.60280007 4020.86596680 
550.00000000 0.66715735 0.00008680 0.73636341 4639.65234375 
GAS INJECTION CHANGE AT P= 500.010 GF=0.45 
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-------- --- -
GAS INJECT ION CHANGE AT P= 5oo.oro GF=0.50 
GAS INJECTION CHANGE AT P= 5oo.oro GF=0.55 
-· . - - - --- - ----· -----
GAS INJECTION CHANGE AT P= 500. OTO GF=0.60 
--· ------ -------
GAS INJECTION CHANGE AT P= SOO.OTO GF=0.65 
- - . -- - - - - . ~ - --- ----·. -- --
500.00000000 0.66310245 0.00008054 ·1.20004749 7272.53125000 
450.00000000 0.65876502 0.00009828 1.20583153 6832.64062500 
400.00000000 0.65388966 0.00008779 1.51042747 8159.45703125 
--- - - -- --
350.00000000 0.6494.5191 0.00009672 2.01455593 l 0055.6 8750000 
300.00000000 0.64463198 0.00009092 2.81159210 13180.90234175 
. 250.00000000 0.63960773 0.00011970 3 .4309!! l61 
----
11-2]2~~2812500 
-- . --- -·-... -~ -
200.00000000 0.63365793 0.00010476 5.02923012 18751.03906250 
150.00000000 0.62757599 0.00015962 6.41556644 19984.94531250 
100.00000000 0.6192042 8 0.00015441 18.65773010 43419.83984375 
--- -
------------------------------~------ ---- -- -··-· ~- ·-- -~ -·- -
- - - -- - - .. ---· - ---
------------------------------------- ---- ----- -- - -- -- ----- -- -·-·· 
---------------- -----------------·- ----· -·- ---
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PRESSURE AND GAS-OIL HISTORY FOR EXAMPLE FIELD ANALYSIS 
V. DISCUSSION OF FIGURE NO. 1 
A. PLOT OF OIL SATURATION-IN-PLACE AGAINST RESERVOIR 
PRESSURE: 
39 
Though there is a monotonical reduction of oil-saturation-
in-place with reduction in reservoir pressure, it is noteworthy 
that._.the slope of the declining curve is small. This small 
slope of depletion of in-place oil saturation is dictated 
by the calculated economic limit of pressure declination and 
is achieved by gas-injection. 
B. PLOT OF PRODUCED GAS-OIL RATIO AGAINST RESERVOIR 
PRESSURE: 
The gas-oil ratio continuously increases as the reser-
voir pressure decreases down to the abandorunent value, 100 
psia. There are abrupt increases in the gas-oil ratio values 
following the increases in the injected gas volumes (r) to 
0.4 and 0.65 of the produced gas volumes, respectively. 
The equation of the curve correlating oil saturation-
in-place with the reservoir pressure was found to be 
S = 0.65872 + 0.000731215P + (1.09031) 10-S P 2 
0 
a second degree polynomial. The error terms in Adam's 
methods -19 5 v 
720 h S0 (E) involves a fifth order differentia-
tion of S • So the error involved in using Adam's tech-
o 
niques for integration is essentially zero. 
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VI. CONCLUSION 
The fundamental equation describing the oil saturation 
variation with pressure for depletion drive reservoirs has 
been solved by an iterative Adam's Predictor-Corrector 
numerical technique. The solution of this equation and 
the pressure and saturation functions comprising it provides 
a prediction analysis for the complete pressure and gas-oil 
ratio histories versus cumulative production for solution-
gas reservoirs.· 
The analysis has been further expanded to include a 
similar examinat.ion of reservoirs producing under gas-cap 
forces as well as an integral examination of the economic 
feasibility of gas injection and when this injection should 
be init.iated and in what volurttes. This analysis provides 
the framework for an interpretive analysis of the spacing, 
number of wells, economic production rates, pressure declines, 
injection ratios, gas-oil ratios and in-place transient fluid 
distributi~n that would be anticipated from reservoir systems 
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APPENDIX 
Two methods were considered to evolve the starting 
values required for the Adam's Predictor-Corrector technique. 
Of these, Taylor's Series was found to involve analytical 
expressions of second and higher order of oil saturation 
variations with pressure. Hence, the Runge-Kutta method 
was used to obtain the starting values. 
RUNGE-KUTTA METHOD: 
If y = F(x, y) then, 
n 




= hF(x ,y ) 
n n 
=hF(x +h/2,y +K /2) 
n n o 
= hF(x +h/2,y +K1/2) n n 
hF(x +h,y +K2 ) n n 
solved iteratively and recursively for x of pressure 
n 
and yn saturation. The primary disadvantage found in the 
use of this approach was the nonexistence of a · .·tractable 
expression for the associated truncation error. 
ADAM'S PREDICTOR-CORRECTOR TECHNIQUE: 
Predictor (Adam-Bashford): 
44 
y +1 ~ y + (h/24)(55y + 59y 1 + 37y 2 - 9 3) + n n n n- n- n-
where the last. term is the error involved. 
Corrector (Adam-Moulton): 
y +1 - y + (h/24)(9y +1 + 19y 1 - Sy' 1 + y 2) -n n n n- n- n-
(19/720)h5y5 (E) . 
VITA 
JAGANNATH RAO GHOLE 
Born - June 30, 1941, at Madras, India 
Single 
45 
Graduate of College of Engineering, Guindy, Madras, India 
Bachelor of Engineering, Mining and Metallurgy 
Member of Pi Epsilon Tau, National Honor Society of Petro-
leum Engineers and Society of Petroleum Engineers of AIME 
Professional Record: 
Kewanee Oil Co., Summer, 1965 
Gulf Oil Corporation! Summer, 1966 
~25395 
